Introduction
Biaxial nematics are still very rare compounds, four decades after their initial theoretical prediction (1) and despite numerous subsequent confirmations and extensions of the prediction by molecular theory and computer simulations for a variety of model systems (2) , in parallel with extensive synthetic and characterisation efforts encompassing a broad range of molecular architectures (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) . Interestingly, the few known instances of biaxial nematics belong to quite diverse physico-chemical categories of liquid crystals. The first biaxial nematic to be realised experimentally (3) was lyotropic. A decade later, phase biaxiality was reported for side-chain liquid crystal polymers (4) . Low molar mass thermotropic biaxial nematics were achieved more recently, first in bent-core mesogens (9) and shortly afterwards in radial tetramers of laterally tethered calamitic mesogens (10) . Lastly, recent synthetic (6, 7, 12) and computer simulation (13) results have renewed optimism for the achievement of the first biaxial rod-plate thermotropic nematic mixture.
In addition to their intrinsic scientific interest, biaxial nematics, particularly of the thermotropic low-molar mass type, are of potential importance to display technology. This is mainly due to the expected speed advantage of the electro-optic response of the transverse ('biaxial') optical axes over the response of the conventional uniaxial nematics presently used in liquid crystal displays, which involves the reorientation of the primary director n. While the first confirmations of the speed advantage of biaxial nematics have been obtained, both experimentally (14) and from computer simulations (15) , a number of fundamental materials-related issues have to be successfully addressed before this advantage can be actually harvested in competitive display applications. In this respect, an immediate objective is to systematically engineer room-temperature low molar mass biaxial nematics. Another major issue is to control surface-alignment of the primary and transverse optical axes and their selective addressability by applied electric fields. Furthermore, quantitative control over basic materials properties is essential. Thus, the ability to reorientate the transverse axes using fields of reasonable magnitude requires substantial values of the transverse dielectric anisotropy. Similarly, a substantial transverse optical biaxiality is required if the optical effect of reorientating the transverse axes is to be obtained from sufficiently thin layers of the biaxial material. A closely related issue is that of the elastic constants: in the operating modes of uniaxial nematic display devices, the elastic constants provide the restoring mechanism when the applied field is switched off. The biaxial elastic constants are normally estimated to be considerably weaker than the uniaxial ones, signaling possible difficulties with the restoring mechanism for biaxial modes. Enhancing the relevant elastic constants without deteriorating the speed advantage of the biaxial modes is one of the advanced goals of biaxial nematic molecular design. On the other hand, the difficulties posed by weak biaxial elasticity could, in principle, be bypassed in biaxial nematics that exhibit spontaneous transverse electric polarisation (polar biaxial nematics), in which case the switching as well as the restoring mechanism could be driven by the electric field.
Undoubtedly, the design and synthesis of materials to meet the above requirements constitute one of the major challenges in contemporary liquid crystal science. The recent experimental observation of phase biaxiality in thermotropic nematic liquid crystals has stimulated and intensified research efforts in that direction (9, 10) . To date, a very significant outcome of these efforts has been a number of findings whose consistent interpretation could broaden substantially the previous perceptions of the biaxial nematic phase. In particular, there are strong indications that (i) the symmetry of the biaxial nematic phase is not necessarily restricted to the D 2h point group, which was assumed in the original theoretical predictions (1, 2) and later applied successfully in the analysis of the first experimental observations of phase biaxiality in lyotropic (3) and polymer (4, 16) nematics; (ii) the biaxial phase may exhibit a hierarchical domain structure that differs qualitatively from the typical domain structure of uniaxial nematics and could underlie the appearance of substantial field-induced biaxiality (17) at relatively low field strengths as well as the appearance of chiral domains in molecularly achiral bent-core compounds (18) and the appearance of spontaneously polar domains (19) . In this broader perspective of the biaxial phase, new insights can be gained towards answering long-standing questions concerning the experimentally measurable signatures of nematic phase biaxiality, the related question of whether the measured macroscopic biaxial order is in some cases induced by the conditions of the measurement itself and, eventually, the question of why thermotropic biaxial nematics are so hard to obtain experimentally. The purpose of this work is to present the symmetry and domain-structure implications of currently available experimental observations and to incorporate them into a model that embodies this broader view of the biaxial nematic phase. The symmetry aspects of the biaxial nematic phase are considered in section 2. The local structures and their influence on the transitions from uniaxial to biaxial states are presented in section 3. The implications of the symmetry and domain structure on the alignment of biaxial nematics are discussed in the concluding section.
The symmetries of the biaxial nematic phase
The first theoretical predictions (1) and essentially all the molecular theory and computer simulation work that followed on biaxial nematics (2), referred to a phase of D 2h symmetry, with the three mutually orthogonal symmetry axes defining the directors, n, l, m, of the phase. Furthermore, the first experimental observations of phase biaxiality, from nuclear magnetic resonance (NMR) studies on a lyotropic liquid crystal (3), were interpreted consistently on the basis of D 2h symmetry. Likewise, the results of the first optical studies (4) and of the subsequent NMR observations (16) of phase biaxiality in the nematic phase of side-chain liquid crystal polymers, were consistent with D 2h symmetry. The situation is, however, different for the presently available observations of biaxial orientational order in thermotropic nematics. As detailed in Karahaliou et al. (20) , the experimental results involving measurements on aligned samples, although routinely analysed assuming a D 2h symmetry, do not particularly support this symmetry and in some cases appear to contradict it. Thus, the NMR measurements on bentcore nematics (9) using deuteriated probe solutes indicate the presence of biaxial order but are not detailed enough to single out a particular symmetry for the observed phase biaxiality. On the other hand, the biaxial order in calamitic-tetramer nematics, reported first from infrared spectroscopy studies on aligned samples (10) and subsequently confirmed by NMR measurements using deuteriated probe solutes (21) , when analysed on the assumption of D 2h symmetry leads to inconsistently large values of biaxial order parameters and to mutually conflicting inferences regarding the molecular attributes underlying phase biaxiality (20) . In addition to these difficulties, X-ray diffraction studies in the nematic phase of bent-core compounds (22, 23) , as well as in the nematic phase of the side-on monomers which form the calamitic-tetramer compounds (24, 25) , show the presence of local biaxial order that is characteristic of tilted-layer domain structures, thus favouring a monoclinic rather than orthorhombic symmetry for the biaxial phase that is formed when these domain structures become macroscopically ordered in the transverse direction (17) .
Theoretically, the orthorhombic D 2h symmetry is only one of several point group symmetries that are possible for the biaxial nematic phase (26, 27) . For apolar, achiral phases, to which we restrict our attention in this section, the possible point group symmetries of a biaxial nematic are three (20) : the orthorhombic D 2h , the monoclinic C 2h and the triclinic C i . Higher up in symmetry, the uniaxial nematic phase belongs to the D 1h group, with the axis of full rotational symmetry (that is, the director n) defining the principal direction of all the macroscopic anisotropic physical properties of the medium. The anisotropy of this phase is reflected primarily on second-rank traceless tensor properties Q AB . The director n is the principal axis for all such properties and is normally identified with the principal Z axis of the phase, the choice of the other two 728 S.D. Peroukidis et al.
orthogonal axes, X and Y, being arbitrary. Any tensor property is then fully described by its principal value Q ZZ in that frame, since Q XX ¼ Q YY ¼ ÀQ ZZ =2. The distinction between a uniaxial and biaxial nematic is that the latter has at least one tensor property Q AB whose principal values are all different, that is, Q XX Þ Q YY Þ Q ZZ . The specific choice of the principal axes is usually made such that Q XX < Q YY < Q ZZ , in which case the principal values of the tensor are represented by Q ZZ and the biaxiality parameter ðQÞ ;ðQ XX À Q YY Þ=Q ZZ . The distinction between biaxial phases of different symmetries lies in the relative orientations of the principal axis frames of the different tensor properties. In the orthorhombic (D 2h ) phase, the three two-fold symmetry axes define a unique triplet of directors n; l; m, which are the principal axes of all the macroscopic tensor properties Q AB of the medium (Figure 1(a) ). The monoclinic (C 2h ) phase has one unique director, coincident with the single two-fold symmetry axis of the phase, which is a common principal axis for all the second-rank tensor properties of the medium. The other two principal axes, however, are not in general common for all the tensor properties. Thus, if the symmetry axis is identified, for example, with the common director m (Figure 1(b) ), the other two principal axes n ðQÞ ; l ðQÞ and n ðQ ¢ Þ ; l ðQ ¢ Þ of two different tensors Q AB and Q ¢ AB will in general be rotated relative to one another by an angle g ðQ;Q ¢ Þ about the symmetry axis m. Lastly, the triclinic phase (C i ) has no unique director; different tensors Q AB , Q ¢ AB have in general principal frames n ðQÞ ; l ðQÞ ; m ðQÞ , n ðQ ¢ Þ ; l ðQ ¢ Þ ; m ðQ ¢ Þ , which differ in the directions of all three axes (Figure 1(c) ). According to the above, the parameters ðQÞ ; ðQ ¢ Þ . . ., associated with the various measurable second-rank tensor properties of the medium, fully quantify biaxiality in an orthorhombic nematic phase. In a monoclinic phase, the quantification of biaxiality involves, in addition to the individual parameters ðQÞ ; ðQ ¢ Þ . . ., the measurable angles g ðQ;Q ¢ Þ of relative rotation of the principal frames associated with different pairs of tensor properties; these angles provide the means of experimental distinction between the monoclinic symmetry (sin 2g ðQ;Q ¢ Þ Þ0 for at least one pair of tensor quantities Q,Q ¢ ) and the orthorhombic symmetry (sin 2g ðQ;Q ¢ Þ ¼ 0 for any pair of tensor quantities Q,Q ¢ ). Similarly, the triclinic symmetry involves, in addition to the individual biaxiality parameters ðQÞ ; ðQ ¢ Þ . . ., the three angles ðQ;Q ¢ Þ ; ' ðQ;Q ¢ Þ ; ðQ;Q ¢ Þ of relative rotations of the principal frames, which provide the experimental distinction of the triclinic from the monoclinic and orthorhombic symmetry.
Clearly, the possibility of apolar, achiral biaxial nematic phases of different symmetry could have profound implications on the experimental identification of phase biaxiality, on its quantification and on the alignment and electro-optic properties of these materials. In the remainder of this section we will focus on the experimental differentiations between the orthorhombic and monoclinic symmetry. The crucial differentiating quantities in this case are the relative rotation angles g ðQ;Q ¢ Þ between the principal axes of different tensor quantities of the medium. There is a variety of such quantities, ranging from materials properties, such as the static dielectric tensor, the magnetic susceptibility tensor and the index of refraction ellipsoid, to molecular-site-specific tensor properties, such as the quadrupolar splittings measured by NMR methods (28, 29) and the anisotropic absorbances measured in infrared spectroscopy (10, 30) . It is known, however, from the study of biaxial order in the smectic-C phase, which is also of C 2h symmetry, that the differences in the orientations of the principal axes associated with the dielectric, optical and diamagnetic anisotropies are rather small for common calamitic compounds (30) . This is normally attributed to the fact that these anisotropies originate from the rod-like mesogenic core of the molecules, which, furthermore, undergo extensive rotational averaging about their long axis, 
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thus diminishing on the macroscopic scale the relative deviations of the principal axes. On the other hand, molecular-site-specific properties, notably the motionally averaged quadrupolar interactions of deuteriated molecular sites, could show substantial relative deviations of their principal axes (31) , since distinct labelled sites of the flexible molecules can be influenced differently by the rotational averaging about the molecular axis. In this respect, the measurements of site-specific properties are advantageous over the measurements of global molecular properties. In particular, deuterium NMR ( 2 H-NMR) spectroscopy using selectively deuteriated molecules has been one of the most powerful tools in the study of nematic phase biaxiality (3, 9, 16, 21, (32) (33) (34) (35) . To date, the 2 H-NMR measurements have been limited to the determination of the biaxiality parameters associated with the orientationally averaged quadrupolar interaction of selectively deuteriated molecular sites of the pure compounds or probe solutes. As we discuss in the remainder of this section, the same 2 H-NMR methods are particularly suited for the differentiation between orthorhombic and monoclinic symmetry in biaxial nematics.
First, the analysis of the 2 H-NMR spectra involves several second-rank tensor quantities whose principal axis frames can be determined relative to the magnetic field of the spectrometer (28, 29) ; it therefore offers a multitude of options for identifying possible differences in the orientations of distinct frames. The tensor quantities involved are as follows. (i) The diamagnetic anisotropy m AB of the phase. This tensor governs the orientation of the sample relative to the magnetic field. Its principal axes X M ; Y M ; Z M , are specifically chosen so that m
that is, by identifying Z M and X M with the directions of lowest and highest magnetic energy respectively. (ii) The quadrupolar interaction at each deuteriated site i is conveyed by a second-rank symmetric and traceless tensor G ðiÞ AB , describing the orientational averaging of the field gradient associated with the molecular site (20) . The principal axes of each such tensor, X i ; Y i ; Z i are chosen so that Z i ðX i Þ corresponds to the largest (smallest) absolute principal value, and the tensor is represented by the principal order parameter S ðiÞ and the biaxiality parameter ðiÞ . (iii) Some of the deuteriated sites may exhibit substantial anisotropic chemical shift asymmetry (CSA) in which case a measurable tensor C ðiÞ AB will be associated with each of these sites. The principal axis frame of this tensor C ðiÞ AB is not necessarily coincident with that of G For a monodomain sample, which is orientated so that the magnetic field forms the angles M ; M relative to the magnetic principal axes X M ; Y M ; Z M of the sample, the measurable quadrupolar frequency spectrum consists of a set of double peaks. Each doublet corresponds to a distinct deuteriated molecular site i, or group of equivalent sites, and presents a frequency splitting ðiÞ . The orientation dependence of the splittings is controlled by the components of the tensor G ðiÞ AB in the frame of the magnetic principal axes X M ; Y M ; Z M and is given by (20) : 
Here, ðiÞ Q is the quadrupolar coupling constant for the deuteriated site i. The symmetry of the phase is reflected on the spectra through the five independent components of G ðiÞ AB , which appear in Equation (1). In what follows we consider a particular example of symmetry for which a full determination of the G ðiÞ AB tensor, and therefore of the phase symmetry, is possible by a technique combining the measurement of the spectrum of the aligned sample with the spectrum accumulated as the sample is spinning about an axis perpendicular to the magnetic field (9, 32, 34, (36) (37) (38) .
To this end, we take the biaxial nematic phase to have C 2h symmetry or higher and to have the magnetic X M axis (that is, the axis of maximum magnetic energy) coinciding with the two-fold rotation symmetry axis of the phase. This makes the components G ðiÞ Z M X M ; G ðiÞ Y M X M in Equation (1) vanish by symmetry. In this case, by analysing the spectra from the magnetically aligned and the spinning sample one can (i) single out which of the principal axes X i ; Y i ; Z i of the G ðiÞ AB tensor coincides with the two-fold symmetry axis of the phase (and therefore with the principal magnetic axis X M ) and (ii) provide the values of the primary order parameter S ðiÞ , the biaxiality parameter ðiÞ and the angle g ðiÞ by which the X i ; Y i ; Z i frame is rotated relative to the X M ; Y M ; Z M frame about the common symmetry axis of the phase.
Calculated spinning-sample spectral patterns are shown in Figure 2 . These are idealised patterns in that they are obtained assuming negligible line broadening, perfectly uniform and planar distribution of the Z M in the plane perpendicular to the axis of spinning and negligible interference of the spinning frequency with the spectral frequencies (34, 38) . The calculated spectra (20) correspond to all the possible distinct 730
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Q =4, the primary order parameter S ðiÞ , the biaxiality parameter ðiÞ and the rotation angle g ðiÞ or the deuteriated site are obtained from the spectra as indicated for each of the distinct cases. The same value of the principal order parameter s ðiÞ is used for all the calculated spectra.
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identifications of the symmetry axis with one of the X i ; Y i ; Z i in a biaxial phase. The respective spectra of the uniaxial phase are shown for comparison.
The following qualitative features of the spinningsample spectra are apparent from the diagrams of Figure 2 . (i) The peaks 1 ; ¢ 1 do not change with symmetry. (ii) With Z i perpendicular to the spinning axis X M , the peaks 2 ; ¢ 2 are half-way between the centre of the spectrum and the 1 ; ¢ 1 peaks in the case of the uniaxial phase, while for the biaxial phases they move towards 1 ; ¢ 1 or towards the centre of the spectrum, depending on which of the two principal axes X i ; Y i coincides with X M . (iii) With Z i parallel to the spinning axis X M , the peaks 2 ; ¢ 2 coincide respectively with the 1 ; ¢ 1 peaks for the uniaxial phase and move further away from the centre of the spectrum in the biaxial phase. Based on these qualitative features it can be determine directly from the spinning-sample spectrum whether the phase is uniaxial or biaxial and one can also single out which of the X i ; Y i ; Z i axes coincides with the magnetic principal axis X M . Furthermore, from the positions of the peaks, the parameters S ðiÞ and ðiÞ can be evaluated in each case. However, none of the qualitative or quantitative features of the spinning-sample spectrum can differentiate between a monoclinic and an orthorhombic biaxial phase since it contains no information about the frame-rotation angle g ðiÞ . The differentiation becomes possible through the comparison of the aligned-sample spectrum, whose peaks are at the frequencies 0 ; ¢ 0 , with the spinning-sample spectrum. For a D 2h biaxial phase the aligned-sample peaks 0 ; ¢ 0 will coincide in all cases with the peaks 1 ; ¢ 1 , while for a C 2h biaxial phase they will be positioned between the 1 ; ¢ 1 and 2 ; ¢ 2 peaks. The value of the angle g ðiÞ is determined directly from the deviation of 0 ; ¢ 0 from 1 ; ¢ 1 as shown on the diagrams. To our knowledge, none of the 2 H-NMR experiments carried out on biaxial nematic systems were analysed with a view to actually evaluating the angle g ðiÞ from the experimental data; rather, they were analysed by assuming D 2h symmetry, that is, g ðiÞ ¼ 0 for all the deuteriated sites. When it is possible to maintain an orientation of the sample with the Z M axis perpendicular to the magnetic field, as, for example, in lyotropic (3, 32) or polymer nematics (16) , the biaxiality of the phase can be inferred from the spectra of the aligned ( M ¼ 0) and perpendicularly rotated ( M ¼ =2) sample. This however, cannot differentiate between biaxial symmetries. Furthermore, the values of the primary order parameter and biaxiality determined from these spectra will correspond to the true S ðiÞ and ðiÞ only if the symmetry of the phase is D 2h . The reason is illustrated in Figure 3 , where the relative configurations of the X M ; Z M and X i ; Z i principal axes, in the case of C 2h with X i jj X M , are shown for the aligned and perpendicularly rotated sample. Clearly, for the aligned sample, the condition M ¼ 0 brings the Z i axis at a constant angle g ðiÞ with the magnetic field and therefore, the splitting ðiÞ ð M ¼ 0Þ does not correspond to the maximum value; the latter is obtained when Z i is parallel to the magnetic field. The direction of magnetic axis X M could be distributed about the magnetic field, since the magnetic energy in this case is independent of the azimuthal angle M ; however, according to Equation (1) this distribution does not affect the splitting ðiÞ ð M ¼ 0Þ. In the perpendicularly rotated ( M ¼ =2) configuration, the axis Z i is not perpendicular to the magnetic field but forms an angle with it. This angle depends on both g ðiÞ and the direction of X M . Accordingly, if the direction of X M is, for any reason, distributed relative to the magnetic field, a corresponding distribution will be generated in the orientations of Z i as well, in addition to the distribution of the 'biaxial' directions X i ; Y i . Therefore, the effects on the resulting spectra will not be restricted to the purely biaxial contributions as would be the case if g ðiÞ vanished, but will include uniaxial contributions originating from the distributed orientations of the principal axis Z i relative to the magnetic field.
The possible existence of substantial CSA in a deuteriated site leads to aligned-and spinning-sample spectral patterns with additional structural features, from which the biaxiality parameters associated with both the G ðiÞ AB and C ðiÞ AB tensors can be determined (20) , and the possibility of C 2h phase symmetry can be checked through the evaluation of the respective rotation angles of the principal axis frames of each of these tensors relative to the magnetic principal axes X M ; Y M ; Z M . 
Biaxial cluster model of nematics
None of the presently available experimental results on thermotropic biaxial nematics indicates directly the spontaneous formation of macroscopic biaxial monodomain nematic samples. Rather, all the results are consistent with the presence of local biaxial structures, which can be macroscopically ordered into a biaxial nematic state under the action of an external aligning field or directional surface anchoring. Moreover, some of these results point directly to the presence of orientationally distributed biaxial domains. In particular, the original NMR results on biaxiality in bent-core molecules (9) can be interpreted equally well in terms of a monodomain biaxial sample whose transverse diamagnetic anisotropy is uniquely aligned upon spinning in the magnetic field or in terms of a collection of biaxial domains whose transverse axes are randomly distributed until the spinning singles out a common direction for them. On the other hand, the identification of biaxial order in calamitic-tetramer nematics by NMR (21) is based directly on the observation of distributed biaxial domains when the aligned sample is rotated to a perpendicular direction relative to the magnetic field. Biaxial order observations by infrared spectroscopy on the same compounds (10), using surfacealigned samples, showed a nematic-nematic phase transition which, however, did not appear in microcalorimetry measurements on unaligned samples (39) . The X-ray diffraction studies on both types of thermotropic biaxial systems show typical cybotactic cluster difractograms (22) (23) (24) (25) 40) , analogous to those observed in some conventional uniaxial nematics and, therefore, do not exclusively imply a biaxial monodomain sample. The electric field response observed by X-ray diffraction in surface-aligned samples of bent-core nematics was interpreted as switching of the tranverse axis (22) of the biaxial sample. However, electro-optic studies on the same compounds (14) support an interpretation of the electric field effects in terms of a field-induced transition from an optically uniaxial to an optically biaxial state, rather than a change in the orientation of the transverse axes in a spontaneously existing biaxial state. Furthermore, the presence of biaxial clusters is invoked for the interpretation of the observed fieldinduced texture transitions in nematic dimers containing bent-core units (41) . These considerations, together with the broader relevance of local structures in liquid crystal phase transitions, and indeed in liquid-liquid transitions (42) , have motivated the development of the cluster model of biaxial nematics (17) . The essential element of this model is a nematic phase consisting of biaxial microdomains which, in the absence of an external aligning stimulus, are randomly distributed into a macroscopically uniaxial nematic state. Transitions from this state to a biaxial state, either field-induced or driven by decreasing temperature, are the result of the collective alignment of the microdomains along a common direction transverse to the uniaxial director. In this sense the transitions are termed polydomain to monodomain phase transitions. Uniaxial-uniaxial nematic transitions are also present in this model, where the two uniaxial phases differ with respect to the size and internal biaxial order of the clusters.
In the simplest phenomenological formulation of the cluster model (17), a nematic sample with perfect molecular alignment along the longitudinal direction n is divided into biaxial clusters (Figure 5a ). An order parameter describes the average internal biaxial order of the clusters and another order parameter q describes the overall biaxial order in the macroscopic sample. The free energy of this system includes: (i) the internal energy and entropy of the individual clusters; (ii) the interaction energy among neighbouring clusters; (iii) the collective entropy associated with the relative magnitudes and orientations of the clusters. The Landau-de Gennes (L-dG) expansion of the free energy in terms of Figure 4 . Calculated deuterium NMR spinning-sample spectral pattern in the biaxial monoclinic nematic phase for a deuteriated site exhibiting anisotropic chemical shift asymmetry of relative strength ðiÞ ¼ 0:5 and for the case corresponding to X i jj X M of Figure 2 . The isotropic part of the asymmetry is denoted by iso .
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the order parameters and q, including the orientational coupling of the biaxial clusters to an applied transverse electric field of strength E, is of the form:
where e and h are positive coupling constants, F † contains at least up to fourth power terms in q and F ¢ contains at least up to third power terms in . With F ¢ , F ¢¢ restricted to their minimal-power form (17) , and with the temperature dependence carried exclusively by the firstpower term of F ¢ , the system, in the absence of an external field, can exist in three distinct phases (see Figure 5a ): (i) a macroscopically biaxial phase N b , with q Þ 0; Þ 0; (ii) a macroscopically uniaxial phase N u¢ of biaxial clusters, with q ¼ 0; Þ 0; (iii) a proper uniaxial state N u with q ¼ 0; ¼ 0. Depending on the relative values of the expansion parameters, the model can accommodate different phase sequences on decreasing the temperature from the N u phase down to the temperature where a positionally ordered phase denoted by X (smectic, columnar or solid) sets in. These sequences are shown in Figure 5(b) . Possible direct transitions from the isotropic to any one of the N u¢ , N b or X phases, being irrelevant to the present discussion, are not included in the figure.
The two uniaxial phases may differ by orders of magnitude in their response to the applied electric field (17) . In the N u phase, the electric field addresses essentially the individual molecules and therefore, at the temperatures and field strengths of practical interest, it has marginal effects on the biaxial ordering of the sample. Specifically, it gives rise to a para-biaxial nematic which, at very high field strength, undergoes a first-order transition to the N b phase. In contrast, the N u ¢ acquires substantial field-induced biaxial order at relatively low electric field strength. In this case the field addresses entire biaxial clusters and the critical field values for the transition from the para-biaxial to the N b phase can be lower by one or two orders of magnitude compared with the respective values for N u . Stated in slightly different terms, the application of an electric field elevates the temperature of the N u ¢ À N b phase transition much more than it elevates the respective temperature for the N u -N b transition. In this respect, the observed thermotropic biaxiality in the bent-core and calamitic-tetramer systems, if entirely field-induced, would place them in the phase sequence category of the second column in Figure 5(b) , that is, the I À N u À N u ¢ À X sequence, with the N b appearing as a stable phase only on applying a field. Accordingly, the common uniaxial nematics would correspond to the I-N u -X (fourth column in Figure 5(b) ).
The cluster model is readily extended to include the possibility of local biaxial and transverse polar order. The latter is directly relevant to bent-core compounds in view of their well known spontaneously polar self-organisation in the smectic phases (23) and the identification of local polar ordering in atomistic simulations (43) . Clearly, assuming that the clusters in the sample are polar in the transverse directions automatically renders them biaxial as well. In this case the biaxiality of the clusters is generated entirely by their polarity and the primary order parameter of the clusters is defined as the average magnitude squared of the cluster polar vector. The macroscopic polar order is described by the average polarity vectorp of the entire sample. Thus, the basic order parameters for this system are three: the macroscopic biaxiality order parameter q, the macroscopic polarity order parameter p;p j j and the cluster polarity order parameter . The L-dG formulation of the free energy in this case includes in Equation (2) the parameter in place of , and the additional terms Àe ¢ p 2 ; Àe † qp 2 and Àh ¢Ẽ Áp À Á . Here, e ¢ ; e † ; h ¢ are positive constants describing the coupling of the macroscopic polar order to the polar order of the clusters, to the macroscopic biaxial order and to the applied electric field, respectively. The possible nematic phases for this system, in the absence of an external field, are four: a proper uniaxial N u phase ( Figure 7 (b) describe the respective response of these nematic phases to a weak electric field. Due to the transverse polarity of the clusters, the system has two modes of response to the electric field, a linear one, corresponding to the coupling of the polar order to the field, and a quadratic, corresponding to the coupling of the biaxial order. The two modes of response are quantified by means of the electro-polar coefficient k p ; @p=@E ð Þ E!0 and the electro-biaxial coefficient k q ; @q=@E 2 ð Þ E!0 . These modes can be of comparable magnitudes in the N u ¢ , which would lead to unusual electro-optic behaviour of this macroscopically uniaxial and apolar nematic phase.
The results presented here are based on a primitive formulation of the model (17) , with the primary orientational order of the molecules frozen to its maximum and ignoring all but the minimal power terms in the L-dG expansion of Equation (2) . More general and more realistic formulations of the phenomenology have been studied, extending the implications of the cluster model to the isotropic-uniaxial nematic phase transition. The 
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results are presented elsewhere (44) . Finally, to identify reliably local structures, computer simulations based on very large samples in the nematic phase are required. Such studies are presently under way for molecular models of bent-core systems. Preliminary results support the presence of sizeable clusters whose internal ordering is of a lower symmetry than that of the bulk sample.
Discussion and conclusions
In this work we have addressed two fundamental aspects of biaxial nematic order: its symmetry and spatial uniformity. The explicit consideration of the full range of possible symmetries for the biaxial nematic phase was shown to be necessary for the consistent analysis of the experimental measurements of phase biaxiality in the new thermotropic biaxial nematics. Naturally, such measurements concern physical properties that are sensitive to biaxial orientational order. However, not all of these measurements are equally sensitive in differentiating between the D 2h symmetry and the lower symmetries, C 2h and C i . In other words, while nematic biaxiality can be demonstrated by measuring a single tensor quantity, a reliable D 2h symmetry assignment would require the measurement of several different tensor quantities to ensure that all the principal axes are commonly directed along three orthogonal directions. As shown in section 2, the 2 H-NMR methodology can be very efficient in identifying deviations from the D 2h symmetry. Other methods, such as infrared spectroscopy, which are also based on the measurement of orientational order of specifically labelled molecular segments, can also be sensitive to the particular symmetry of the biaxial ordering. On the other hand, anisotropic bulk properties, particularly optical, dielectric and magnetic, are known from the conventional calamitic smectic phases not to be sensitive indicators of symmetry differences as they do not show large relative deviations of their principal directions in the C 2h biaxial phase. However, this insensitivity would not necessarily persist in bent-core nematics or in other compounds with more complex molecular architectures than the conventional calamitic or discotic mesogens. In that case, a biaxial C 2h symmetry would entail, for example, substantial deviations of the optical principal axes from the directions of the dielectric or magnetic principal axes. The spatial uniformity aspect of the biaxial orientational order in nematics was addressed in the context of the biaxial cluster model. Therein, the establishment of macroscopic biaxial order is the result of a polydomain to monodomain phase transition in a system consisting of biaxial clusters that are uniaxially distributed in the polydomain state. This transition can be thermotropic or field-induced. Within this model, a number of recent experimental observations on thermotropic nematic phase biaxiality can be rationalised and interpreted consistently. These include observations of the intriguing electro-optic behaviour of bent-core nematics (14, 41, 45, 46) , biaxiality measurements by 2 H-NMR in bent-core and calamitic-tetramer nematics, local biaxial structures revealed in X-ray diffraction studies of a variety of bent-core and laterally substituted calamitic nematics (22) (23) (24) (25) 40) and phase biaxiality measurements by infrared spectroscopy in calamitic tetramers (10) in relation to the results of calorimetry studies (39) on the same compounds. Furthermore, in the context of the cluster model, the above observations can be naturally related to direct observations of domain structures in bentcore nematics (18) and to the results of previous studies, which invoked the presence of local structures in order to interpret the behaviour of bent-core uniaxial nematics (47) .
The emerging picture of the thermotropic biaxial nematics, which combines the different symmetry possibilities with the biaxial cluster composition of the N u' phase, dramatically widens the scope of the phenomenological description of the nematic phase; it obviously includes the conventional, D 2h and spatially uniform, model as a special case. On the other hand, this wider picture has significant implications on the alignment of biaxial nematics: due to the microdomain structure, the application of an external field induces a biaxial, and uniformly aligned, state of the sample rather that reorientating a spontaneously existing biaxial sample. Naturally, the alignment via a field-induced transition involves a critical value of the field, below which the system appears not to be susceptible to alignment. Moreover, in the case of a sufficiently strong electro-polar response of the clusters, the alignment can show a second, polar, stage on increasing the external field. Aside from that, the aligning effect caused by the electric field on the different anisotropic properties of the sample will depend on the symmetry of the biaxial order. Thus, for D 2h symmetry, all the anisotropic properties will have one of their principal axes aligned in the direction of the field. For C 2h , such alignment will result only if the principal axis of the largest dielectric constant coincides with the two-fold symmetry axis.
